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ABSTRACT
Inlinks to a page of the web are often used as indicators of
the authority of the page, because it is commonly felt that
if a page is linked from many other pages it is worth look-
ing at. According to a widely accepted model, the inlinks
follow a power law. Outlinking analysis, on the contrary,
has received less attention. Nevertheless, the outlink struc-
ture should be included in the description of the web graph
and used for designing and testing the algorithms for the
real web. The power law has been proposed also for the
outlinks, but the experimental observation has shown that
the distribution of the pages with a low number of outlinks
is not well modeled by the power law. In this paper we
propose a linking model based on a preferential attachment
strategy and a uniform attachment strategy. Similar models
have already been considered in the literature. The substan-
tial novelty of our approach on the previous ones concerns
the approximation technique applied to the steady state so-
lution. With this technique the model appears to be well
suited for describing both inlink and outlink distributions.
The experimentation on two subsets of the real web shows
that the two attachment strategies play a different role in
the inlink and the outlink case.
Categories and Subject Descriptors
H.3.3 [Information Storage and Retrieval]: Information
Search and Retrieval; G.2.3 [Discrete Mathematics]: Ap-
plications.
General Terms
Link analysis, web structure.
Keywords
Linking model, Zipf’s law, Beta function, Yule function.
1. INTRODUCTION
Developing a realistic model of the web is a relevant task
for many reasons, as for example, designing and testing web
applications, studying the time evolution of the web, detect-
ing statistical peculiarities of subsets of the web. One of the
most important algorithm on the web is the Pagerank [5],
which ranks the pages relying on their inlink structure. This
explains why inlinking analysis has received much attention.
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Outlinking analysis, on the contrary, has received less atten-
tion. The main reason is that outlinks are created by the
site owner, so they are under its control. Hence outlinks
are not considered as good indicators of the importance of a
page. Nevertheless, they should be included in the models
which describe the graph structure of the web and used for
designing and testing the algorithms for the real web.
According to a widely accepted model [1, 2, 9], the inlinks
follow a power law (or Lotka law [10]) and the experimental
observation of the real web [6] validates this model, with an
exponent around 2.1. From a theoretical point of view, the
inlink distribution of web has been modeled as a stochastic
process and the steady state solution has been considered
[13, 15]. An asymptotic approximation of this solution is
precisely a power law. The same kind of model applies to
many man made and naturally occurring phenomena, in-
cluding city sizes, word frequencies, incomes, and for this
reason it had been studied in many fields like economics
and biology before the web era (see for example [13] and its
extensive bibliography).
The power law has been proposed also for the outlinks [2,
9], but in this case the experimental observation has shown
that the distribution of the pages with a low number of out-
links deviates significantly from the power law [7]. In [6]
it is conjectured that the pages with a low number of out-
links might follow a Poisson distribution or a combination
of Poisson and power law and further research is suggested.
In this paper we perform a deeper analysis of the link dis-
tribution. The starting point is a linking model obtained by
generalizing the model introduced in [16], where the word
frequencies are described in terms of a stochastic process
which evolves according to a preferential attachment strat-
egy. We assume that also a uniform attachment strategy
has a role, as suggested in [13]. The steady state solution
of the proposed model is expressed in terms of the Beta
function. From a computational point of view, such an ex-
pression does not appear as a practical tool to estimate the
parameters of the model which best fits a real subset of the
web. In fact, finding the right parameters would require a
non linear minimization process.
To overcome this difficulty, instead of approximating the
Beta function by a power law, we propose to approximate
the inverse of the Beta function by a Yule function. In this
way we can apply a linear minimization process and detect
good estimates of the parameters of the model. This tech-
nique is applied to two subsets of the real web, in order to
test its effectiveness.
In Section 2 the linking model is introduced, in Section
3 the experimentation is made for both the inlink and out-
link distributions, showing that the proposed model is valid
and that the outlined procedure for detecting correct values
of the parameters is effective. The preferential attachment
appears to be the dominant policy in the inlink distribu-
tion, while the outlink distribution appears to be signifi-
cantly ruled by the uniform attachment.
2. THE LINKING MODEL
At an abstract level the web can be represented as a direct
graph of nodes, called pages, connected by arcs, called links.
The terms inlink and outlink are used to indicate a link
pointing to a page and a link originating from a page, resp.
Two important indicators are associated with each page: the
indegree, i.e. the number of inlinks pointing to that page,
and the outdegree, i.e. the number of outlinks originating
from that page.
We want to examine the web structure from both the in-
link and the outlink point of view: the aim is to find how
many pages of the web have a given indegree (or outdegree)
j. In the following the term ”degree” will be used for either
indegree or outdegree. Hence we will examine how the num-
ber Xj of pages with degree j depends on j. The analysis
of large subsets of the web shows that there are many pages
with a small degrees and few pages with a large degree. This
behaviour can be approximately described by a power law,
i.e. Xj = a j
−k, with constant parameters a and k.
In order to find an adequate model a discrete-time sto-
chastic process is studied: at any time step either a new
page (i.e. a page without links) is created with probability
α or a new link (connecting two existing pages) is created
with probability 1−α. In the latter case, the most common
inlink model is based on the two following assumptions:
1. with probability β < 1 the new inlink points to a page
chosen at random. This policy is known as uniform
attachment. If it was the only one policy applied, then
all the pages would acquire approximately the same
number of inlinks.
2. with probability 1− β the new inlink points to a page
chosen proportionally to the indegree of that page.
This policy is known as preferential attachment and
expresses the concept that new links tend to attach
themselves to pages already having more inlinks.
For the outlink model the same stochastic process can be
considered. In this case assumption 2. can be given the
following interpretation: the new outlink tends to exit from
a page already having many outlinks.
As we will see from the experiments, the values of the
parameters α and β differ much when the model concerns
the inlink distribution or the outlink one.
2.1 The stochastic equation
Let X
(t)
j be the number of pages having degree j at time
t (hence X
(t)
0 is the number of pages without links). Then
ℓ(t) =
P
j j X
(t)
j is the number of links, n(t) =
P
j X
(t)
j is
the number of pages and t = ℓ(t)+n(t). Initially we assume
that only two pages exist, i.e. t = 2 and X
(2)
0 = 2. It fol-
lows that at time t the maximum possible degree is upper
bounded by t − 2. These implementation details influence
only marginally the evolution of the model (other implemen-
tations would produce results similar to those obtained in
the following).
When a new link is created, the probability p(j, t) that
it is connected with a page having degree j is given by two
terms: the first term, according to assumption 1, is propor-
tional to X
(t)
j , the second term, according to assumption 2,
is proportional to the number of all existing links connected
with pages having degree j, i.e. j X
(t)
j . Hence
p(j, t) = (1− α)

β
n(t)
X
(t)
j +
1− β
ℓ(t)
j X
(t)
j

. (1)
The expected value of the variation of X
(t+1)
j with respect
to X
(t)
j is given by
E

X
(t+1)
j −X
(t)
j

= p(j−1, t)−p(j, t), j = 1, . . . , t−2. (2)
Equation (2) holds also for j = 0 and for j = t− 1 provided
that we set
p(−1, t) = α and X
(t)
t−1 = 0.
Model (2) is a generalization of both the model introduced
in [16], where only the preferential attachment is taken into
consideration, and the model expressed through a differen-
tial equation in [13], where at any time the number of pages
and the number of links are assumed to be the same.
Since at time t a new page is created with probability α,
we have also
E

n(t+ 1)− n(t)

= α. j = 1, . . . , t− 2. (3)
We are interested in the steady state solution S
(t)
j of equa-
tion (2). Following [16], the expected values in equation (2)
are replaced by the actual values, obtaining the difference
equation
X
(t+1)
j −X
(t)
j = p(j − 1, t)− p(j, t), j = 1, . . . , t+ 1. (4)
By applying recursively this equation we can see how X
(t)
j
evolves when t increases.
For equation (3) we consider the recursion
n(t+ 1) = n(t) + α,
which for large t gives
n(t) ∼ αt and consequently ℓ(t) ∼ (1− α)t. (5)
It follows that the ratio between the number of pages and the
number of links is asymptotically constant (compare with
[15], where the ratio is assumed to be constant at any time).
The approximations (5) are substituted into equation (4)
giving the recursion
X
(t+1)
j −X
(t)
j =
1
t
 
qj−1X
(t)
j−1 − qjX
(t)
j

, (6)
where qj = a1 + a2j, a1 =
(1− α)β
α
, a2 = 1− β.
The steady state solution of (6) is then found replacing
X
(t)
j by S
(t)
j and assuming the relative values ξj = S
(t)
j /t to
be independent from t.
Hence ξj verifies
ξj =
qj−1
1 + qj
ξj−1, with ξ0 =
α
1 + a1
. (7)
The general solution of this equation is expressed in terms
of the complete Beta function B(· , ·) as
ξj = c B
 
σ + j, ρ+ 1

, where σ =
a1
a2
, ρ =
1
a2
,
and c is a constant. Using the initial condition, it turns out
that
c =
ξ0
B
 
σ, ρ+ 1
 .
Then the steady-state solution of (6) is
S
(t)
j =
α
1 + a1
B
 
σ + j, ρ+ 1

B
 
σ, ρ+ 1
 t. (8)
Log-log plots are usually employed for the graphic repre-
sentation of data in the web context. Figure 1 shows the
steady state solution S
(t)
j compared with the solution X
(t)
j
of the model (4) at the time t = 8 106, corresponding to two
different choices of the parameters α and β.
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Figure 1: The dots show the solution X
(t)
j of the
model (4) at the time t = 8 106 in the cases α = 0.1,
β = 0.1 (on the left) and α = 0.15, β = 0.5 (on the
right). The solid lines represent the corresponding
steady state solutions S
(t)
j .
2.2 Approximations of the Beta function
We aim at verifying if the proposed model suits the real
web and finding the parameters which best fit the real data.
If the solution of the model could be expressed as a linear
combination of a basis of functions independent from the
parameters, then we would be able to compute the fit by
applying a linear least square procedure. Unfortunately the
Beta function does not agree with this request and comput-
ing the fit would require a much more expensive and less
stable non linear procedure. For this reason we want to
find approximations of the Beta function which can be more
easily dealt with.
2.2.1 Asymptotic approximation
Solution (8) lends itself to a simple asymptotic approxi-
mation. In fact, since
B(a, b) ∝ Γ(b)a−b

1− b(b− 1)/(2a)(1 +O(1/a))

,
for j sufficiently large we have
S
(t)
j ∼
c1
jρ+1
, (9)
with c1 depending on t but not on j. Approximation (9) is
frequently used to state that for any given t the steady state
solution satisfies a Zipf ’s law [17], i. e. a decreasing power
law. The exponent of the Zipf’s law depends only on a2, i.e.
on the linking policy.
Figure 2 shows the steady-state solution S
(t)
j (8) for the
values of α, β and t of Figure 1 right, compared with its
Zipf’s approximation (9).
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Figure 2: Steady state solution (8) for α = 0.15, β =
0.5 and t = 8 106 (solid line) and Zipf’s approximation
(9) (dashed line).
It is evident that for these values of α, β and t the ap-
proximation (9) is adequate only for asymptotic values of j.
We can see experimentally that the range where the approx-
imation becomes adequate, increases with α and decreases
with β.
2.2.2 Approximation of the inverse
When the asymptotic approximation (9) is not adequate,
i.e. the log-log plot of the real data does not show a linear
behaviour, a different approximation is required. We suggest
here to consider the function x = g(α,β,t)(y), inverse of
y = f (α,β,t)(x) =
α t
1 + a1
B
 
σ + x, ρ+ 1

B
 
σ, ρ+ 1

with respect to the variable x. In the log-log scale the graph
of g(α,β,t)(y) appears as in Figure 3, obtained by reversing
the graph of Figure 2. The dashed line represents the inverse
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Figure 3: Inverse of the steady state solution (8) for
α = 0.15, β = 0.5 and t = 8 106 (solid line) and of the
Zipf’s approximation (9) (dashed line).
of the Zipf’s function (9) which has equation
x =
 c1
y
1/(ρ+1)
. (10)
Function (10) is a good approximation of g(α,β,t)(y) for not
too large values of y, but a correction is needed to improve
the approximation for larger values of y. Such a result can
be obtained by considering a function of the form
h(α,β,t)(y) = c2
by
yr
, (11)
where c2, b and r are suitable parameters, with r close to
1/(ρ+1) and b a little smaller than 1. Functions of the form
(11) are known as Yule functions.
The multiplicative form of function (11) has the advantage
that its logarithm can be expressed as a linear combination
of the basis functions 1, log y, y
log h(α,β,t)(y) = log c2 + y log b− r log y.
Let
F (α,β,t) = {(xi, f
(α,β,t)(xi)), i = 1, . . . , imax}
be a set of sampled pairs of f (α,β,t) and let
F (α,β,t)rev = {(f
(α,β,t)(xi), xi), i = 1, . . . , imax}
be the set of the reversed pairs, i.e. the set of the sampled
pairs of g(α,β,t).
We find an approximation of the form (11) of the data
F
(α,β,t)
rev by applying to the pairs

(log f (α,β,t)(xi)), log xi)
	
a linear fit with respect to the basis {1, z, exp(z)}. Let
q(z) = d1 − d2 z + d3 exp(z)
be the resulting fit. Then
c2 = exp(d1), r = d2, b = exp(d3).
In order to verify that function (11) is a really good approx-
imation of g(α,β,t) we have made an extensive experimen-
tation with values of α, β and t which likely occur in the
real cases. Figure 4 shows the difference between the log-log
scale graphs of g(α,β,t)(y) and h(α,β,t)(y) for the same values
α, β and t of Figure 1. The behaviours shown in the figure
are shared by all reasonable values of the parameters used
in the experiments.
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Figure 4: Difference between the log-log scale
graphs of g(α,β,t)(y) and h(α,β,t)(y) at the time t = 8 106
in the cases α = 0.1, β = 0.1 (upper) and α = 0.15,
β = 0.5 (lower).
The Yule function has already been used as a direct ap-
proximation of the steady state solution of the model [11,
12], with a better result than by using the Zipf’s function,
but still unsatisfactory. This depends on the fact that the
Yule function is a good approximation of the inverse of the
Beta function but not of the Beta function itself.
The parameters c2, r and b of (11) depend on the para-
meters α, β and t of the model. We are especially interested
in studying the function r = φ(α, β) which describes how r,
obtained by applying the fit procedure previously outlined,
depends on α and β for a fixed large value of t.
Figure 5 shows for t = 8 106 the graphs of the func-
tions φ(α, βi) for different values βi uniformly varying in
[0.04, 0.64 ]. Higher graphs correspond to lower values of
βi. It appears that the dependence of r on α is weak.
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Figure 5: Graphs of the functions φ(α, βi) obtained
for t = 8 106 and βi = 0.04 + i 0.12, i = 0, . . . , 5.
Figure 6 shows for t = 8 106 the graphs of the func-
tions φ(αi, β) for different values αi uniformly varying in
[0.01, 0.21 ]. Higher graphs correspond to lower values of
αi. The dashed line represents the graph of the function
ψ(β) = 1/(ρ+1) = (1− β)/(2− β). It appears that φ(α, β)
is a monotone decreasing function of β for any fixed α and
that it approaches ψ(β) when α increases.
0.1 0.2 0.3 0.4 0.5 0.6 0.7
0.3
0.35
0.4
0.45
0.5
Figure 6: Graphs of the functions φ(αi, β) obtained
for t = 8 106 and αi = 0.01 + i 0.02, i = 0, . . . , 10.
For what concerns the parameter b of (11), we have exper-
imentally verified that the values of b obtained by applying
the fit procedure previously outlined, are lower than 1 and
very close to 1.
The properties seen above, i.e. the weak dependence of
r on α, the decreasing monotonicity of r as a function of β
and the closeness of b to 1, are more evident for larger value
of t.
2.3 Detecting the parameters of the model
Given a subset of the real web
W =

(j,Wj), j = 0, . . . , jmax
	
where Wj is the number of pages having degree j, we are
now able to compute the parameters α, β and t of the model,
whose evolution best describesW . We assume that the num-
ber of pages n and the number of links ℓ of W are known
with a sufficiently good level of confidence. For what con-
cerns α, an estimate α can be derived directly from (5), i.e.
α =
n
t
, where t = n+ ℓ. (12)
If the estimate of n and ℓ is made by a crawler which visits
the web, the pages with indegree 0 are not counted because
they cannot be visited. Hence it is possible that n and,
consequently, α are underestimated. However, as seen in
the previous section, this fact is not critical for a correct
detection of β.
An estimate of β is more difficult to be found. We know
that the steady state solution of the stochastic process (8)
can be approximated by the inverse of a Yule function of
form (11). So, instead of finding directly an approximation
of f (α,β,t)(x) by means of a non linear minimization with β
varying in [0, 1], we prefer to find the Yule function which
approximates g(α,β,t)(x) by a linear fit in the log-log scale
and then from the exponent r of the Yule to go back to the
right value of β. The following two-step algorithm can
be employed.
• For the value t = t, consider the function r = φ(α, β).
We assume t to be sufficiently large to guarantee that
this function is monotone decreasing, as in Figure 6.
Hence the problem of finding β given r is well-posed
provided that r ∈ Im(φ(α, ·)). The first step of the
algorithm builds a table T of values of φ(α, β) for se-
lected discrete values of β. For example, Table 1 shows
a small section of table T for t = 8 106 and α = 0.1.
• At the second step the setWrev of the reversed pairs of
W is built. Since the same number of pages may corre-
spond to different degrees, the functionWrev may turn
out to be multivalued. Instead of functionWrev we can
consider an injective function, which we still call Wrev,
obtained by replacing all the pairs {Wj , j1}, . . . , {Wj , jk}
having the same abscissa Wj with a single opportune
pair {Wj , jm}. In practice jm could be any selected
value belonging to {j1, . . . , jk}, for example the mini-
mum, or the average of j1, . . . , jk. Then the Yule func-
tion (11) which fits Wrev in the log-log scale is com-
puted. Let r be the exponent of y in the function so
obtained. The corresponding value β of β is found by
interpolating on table T .
β 0.1 0.2 0.3 0.4 0.5 0.6
r 0.481 0.463 0.438 0.409 0.375 0.337
Table 1: Values of r = φ(α, β) for t = 8 106, α = 0.1
and selected values of β.
3. REAL WEB EXPERIMENTATION
In order to test the previous theoretical results on the
real web we have taken into consideration two data sets
WB and IT, freely available from the WebGraph home-
page (http://webgraph-data.dsi.unimi.it/). WB has been
obtained from the 2001 crawl performed by the WebBase
crawler. The resulting graph has 118 Mpages and 1 Glinks.
The data provided by WebBase [8] has been filtered to elim-
inate invalid links and to normalise URLs. IT has been
obtained from a 2004 crawl of the .it domain performed by
UbiCrawler [3, 4]. The graph contains 41.3 Mpages and 1.15
Glinks. The crawl was limited to 10,000 pages per host, and
maximum in-host depth 16.
In Figures 7 and 8 the link distributions are plotted for
WB and IT graphs respectively, in log-log scale. Each point
represents the pair (j, number of pages with degree j).
1 2 3 4 5
1
2
3
4
5
6
7
8
WB
Figure 7: Link distributions for WB graph (gray
dots for the inlink distribution, black dots for the
outlink distribution).
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Figure 8: Link distributions for IT graph (gray dots
for the inlink distribution, black dots for the outlink
distribution).
It is self evident that the shapes of inlinks and outlinks
are different and that, while the power law can be a good
approximation for the inlink distribution, this is not true
for the outlink distribution. We are interested mainly in
verifying, by means of the experiments, that the proposed
model holds for the outlinks. For the sake of completeness,
we will perform the experimentation also on the inlinks and
compare our results with those given in the literature.
In Table 2 the parameters r and b of the Yule functions
obtained by applying the least squares fit to the four data
sets are summarized. The multivalued function Wrev has
been replaced by the injective function obtained by taking
the minimum in the inlink case and the average in the out-
link case.
WB IT
inlink outlink inlink outlink
r 0.46 0.32 0.49 0.28
1− b 2.30 10−8 1.77 10−7 1.02 10−7 1.45 10−6
Table 2: Actual values of the parameters r and 1− b
for the data sets WB and IT.
The estimates (12) of t, α, derived directly from the data
sets, and the values β, obtained by interpolating in the table
T , built at the first step of the algorithm, are summarized
in Table 3. Also the values ρ+1 and σ of the corresponding
Beta functions are listed.
WB IT
inlink outlink inlink outlink
t 11 · 108 11 · 108 12 · 108 12 · 108
α 0.104 0.104 0.035 0.035
β 0.15 0.53 0.047 0.61
ρ+ 1 2.18 3.13 2.05 3.56
σ 1.52 9.72 1.36 43.1
Table 3: Actual values of the parameters of the
model and of the Beta functions for the data sets
WB and IT.
It is interesting to compare the values of ρ+1 given in Ta-
ble 3 with the exponents of the Zipf’s functions mentioned
in the literature, namely 2.1 for the inlinks and 2.7 for the
outlinks. In the case of the inlinks, the experiments led to
reconstructed Beta functions sufficiently close to the Zipf’s
function commonly reported in the literature. For the out-
links the difference between our values and the exponent 2.7
is much greater.
It is worth noting that the values of β are much smaller
for the inlinks than for the outlinks. This means that the
preferential attachment is the dominant policy in the inlink
distribution, while the outlink distribution appears to be
significantly ruled by the uniform attachment.
We give now two sets of figures. The first set (Figures 9 ÷
12) shows how well the reconstructed steady state solutions
S
(t)
j approximate the link distributions.
For the size of the data sets under consideration it is pos-
sible also to simulate the evolution of the model. The second
set of figures (Figures 13 ÷ 16) shows how well the solutions
X
(t)
j so computed approximate the link distributions.
From the figures it results evident that both the steady
state solutions S
(t)
j and the computed solutions X
(t)
j are
good approximations of the data. It is worth to note that
also the distributions of the pages with a low number of
outlinks are well modeled.
4. CONCLUSIONS
The analyzed model, thanks to an accurate approxima-
tion of its steady state solution, appears to be well suited to
describe both the inlink and outlink distributions. A proce-
dure has been proposed for deriving the parameters α and
β of the model from a subset of the real web. The values of
the parameters computed for the two considered data sets
are reasonable, as clearly shown by the figures. In particu-
lar, the parameters for the inlink distributions are coherent
with the measures given in the literature.
An analysis of the computed values of β shows that the
preferential attachment is the dominant policy in the inlink
distribution, while the outlink distribution appears to be
significantly ruled by the uniform attachment.
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Figure 9: Inlink distribution for WB graph (gray
dots) and the steady state solution S
(t)
j correspond-
ing to the values of α, β and t of Table 3 (solid line).
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Figure 10: Inlink distribution for IT graph (gray
dots) and the steady state solution S
(t)
j correspond-
ing to the values of α, β and t of Table 3 (solid line).
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Figure 11: Outlink distribution for WB graph (gray
dots) and the steady state solution S
(t)
j correspond-
ing to the values of α, β and t of Table 3 (solid line).
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Figure 12: Outlink distribution for IT graph (gray
dots) and the steady state solution S
(t)
j correspond-
ing to the values of α, β and t of Table 3 (solid line).
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Figure 13: Inlink distribution for WB graph (gray
dots) and the corresponding solution X
(t)
j generated
by the model with the values α, β and t of Table 3
(black dots).
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Figure 14: Inlink distribution for IT graph (gray
dots) and the corresponding solution X
(t)
j generated
by the model with the values α, β and t of Table 3
(black dots).
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Figure 15: Outlink distribution for WB graph (gray
dots) and the corresponding solution X
(t)
j generated
by the model with the values α, β and t of Table 3
(black dots).
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Figure 16: Outlink distribution for IT graph (gray
dots) and the corresponding solution X
(t)
j generated
by the model with the values α, β and t of Table 3
(black dots).
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